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Abstract 
In this paper, we introduce an alternative model of elastic metamaterial by following the conceptual design of hybrid elastic solid 
reported by Lai and colleges [17]. The proposed model is comprised of build-in resonant microstructures which are made of three 
kinds of conventional materials. Under specific incident frequencies, it behaves seemingly as a medium with negative mass 
density and elastic modulus so that a few novel wave propagation properties can be observed. We utilize finite element 
simulation to analyze the effective material parameters as well as the wave transmission properties. Comparing to the literatures, 
the proposed model appears larger band of practical application, and furthermore the required material is reduced which may be 
more easy to fabricate. 
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Nomenclature 
uD  displacement 
F  resultant force 
k  wave vector 
effcDE  effective elastic constants 
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Z radial frequency 
Peff effective shear modulus 
Neff effective bulk modulus  
Ueff  effective mass density 
VDE stress HDE strain 
1. Introduction 
Metamaterial, a special type of artificial material, have attracted a great deal of research attention especially for 
the case with double negative parameters that can lead to unusual physical properties. Such bi-negative medium is 
also denoted as left-handed material or negative index material which was first introduced by Veselago [1] in 
electromagnetics and is now extended to acoustics and elastodynamics. In fabrication, the core concept is to 
construct microstructures with local resonance on a scale much less than the relevant wavelength. As a result, 
effective negative parameters can be achieved near resonant frequencies. For electromagnetics, the first metamaterial 
sample make use of metallic metal wires and spilt-ring resonators [2-5] to form the microstructure which can lead to 
electric and magnetic resonances respectively. For acoustics, negative bulk modulus and negative density has been 
realized by using an array of Helmholtz resonators [6, 7] and thin membranes [8, 9], respectively. Simultaneously 
negative in both parameters is also proposed [10, 11]. For elastodynamics, different locally resonant microstructures 
are demanded. Ding et al.[12] theoretically demonstrated a metamaterial which possess negative bulk modulus and 
mass density by combining two types of structural units with different built-in local resonances. Wu et al.[13] 
suggest a type of elastic metamaterial comprising fluid-solid composite inclusions which can possess a negative 
shear modulus and negative mass density over a large frequency region. In 2011, Liu et al. 2011 [14, 15] proposed 
composite models to approach double negativity by inserting a chiral microstructure. Huang and Sun [16] 
theoretically study a mass-in-mass mechanical system which can be effectively modeled as an elastic solid with 
simultaneously negative density and Young’s modulus. Lai et al. introduce an anisotropic structure model called 
hybrid elastic solid which can achieve negative mass density together with negative shear modulus in lower resonant 
frequency or with negative bulk modulus in higher resonant frequency. This model provided richer applications than 
other model reported so far but the microstructure is more complex due to the lack of symmetry. In this letter, we 
follow the same concept [17] to propose an alternative design of anisotropic elastic metamaterials with simpler 
constituents but better functionality. Numerical method is performed to analyze the effective parameters and wave 
propagation characteristics through the text. 
2. Elastic metamaterial model 
In our study, a type of three-component elastic metamaterial is introduced. The geometric configuration is shown 
in Fig.(1), and the corresponding material parameter is listed in table 1. This model is expected to produce the local 
dipolar, quadrupolar and monopolar resonances which may lead to effective negative mass density, shear and bulk 
modulus under certain excitation frequencies, respectively. The proposed metamaterial model is basically a 
simplified version of Lai’s model, since we fill the matrix material (foam) in the inner most core rather than hard 
silicon rubber used in their paper so that the required material is reduced (three in total). In addition, we change the 
size and shape of inclusions (soft silicon and steel) and then the volume of four steel resonators become larger. 
Using fewer kinds of material is easier and more economical to fabricate. Applying heavier inclusions could 
enhance the local resonance effect and thus it is anticipated that better functionality of such metamaterial can be 
achieved. We will show later the proposed simplified model not only yields bi-negative properties but also possess 
broader frequency range of practical application. 
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Fig. 1. An illustration of the unit cell of elastic metamaterial (unit: m). 
Table 1. material parameters 
Materials Young’s modulus Poisson’s ratio Density 
Polyethylene foam (material 1) 8.0 MPa 0.33 115 kgm3 
Soft silicone (material 2) 0.117MPa 0.47 1300 kgm3 
Steel (material 3) 213 GPa 0.29 7900 kgm3 
3. Numerical results and discussion 
3.1. Band structures of cubic lattice system 
As shown in Fig.2, we assume the unit cell was arranged in an array of simple square lattice and only consider 
the case of in plane propagating waves. We apply finite element simulation via commercial software (comsol) to 
analyze this model. The band structure with frequency sweeping along the path M-*-X is plotted in Fig.3. It is seen 
that there are two bands with negative curvatures. The term negative band here represent that, for a given pass band, 
the frequency at *point is greater than any other points along *X and *M directions. These two bands are denoted 
by red, blue and black curves with circles, respectively, and isolated from one another by a full gap from 179 to 
188Hz. A very large band gap is observed in the frequency range from 203 to 273Hz. The first negative dispersion 
band (red curve) has a broad bandwidth about 39Hz along *0 direction and a narrow bandwidth 14Hz along *X 
direction. The bandwidth of the second (blue curve) band is about 15Hz in *M and 10Hz in *X direction which are 
smaller than those of the first band. It is note the corresponding transverse and longitudinal wavelengths around 
200Hz in the matrix are one order larger than the lattice constant. 
 
Fig. 2. Schematic representation of periodic cubic metamaterials. 
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Fig. 3. Band structures of the elastic metamaterial model. 
 
3.2. Effective material parameters 
Since the long wavelength assumption is fulfilled, the cubic periodic model could be treated as a homogeneous 
medium characterized by effective material parameters. To estimate these parameters we make use of the concept of 
homogenization. The averaging process of local fields is applied on external boundary of representative volume 
element (RVE) as 
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where VDE, HDE, uD, and FD denote the local stress, strain, displacement and force, respectively. The over bar denotes 
the average quantities. In cubic 2D system, the constitutive equation in principal axes and kinematics can be express 
in the form 
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where effcDE  denotes the effective stiffness tensor. The equation of motion can also be written in terms of average 
fields which yields 
2
2 ,
eff u
x t
DE D
E
V Uw w w w                                                                             (5) 
in which Ueff is the effective mass density. We mention that, in a cubic system, it is convenient to rewrite the elastic 
constant by bulk modulus Neff and shear modulus, Peff and 44effc , as follow:[18,19] 
   11 12 11 122, and 2.eff eff eff eff eff effc c c cN P                                                         (6) 
The component of effcDE  is calculated by solving constitutive equation while Ueff can be obtained from Newton’s 
second law  
2
1 1 .eff F F
V u V u
D D
D D
U Z                                                                           (7) 
In this letter, all average fields are calculated numerically and the corresponding effective parameters are plotted in 
Fig.4-5. It can be observed that the effective mass density Ueff together with shear modulus Peff appear negative 
value simultaneously in the first negative band, whereas the negative parameters of the second band are effective 
mass density Ueff and shear modulus Neff. The trends of effective medium correspond to the negative bands are 
basically identical to the result of Lai’s paper [17]. However, in the first negative dispersion band, the frequency 
intervals of bi-negative parameters along *M direction are over twice larger than that of Lai’s model. 
(a)      (b)  
(c) ġġġġġġ   (d)  
Fig. 4. Illustrations of effective material parameters correspond to the first negative band: (a) mass density Ueff, (b)bulk modulud Neff, (c) shear 
modulus Peff and (d) shear modulus 44 .effc  
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(a) ġġġġġġġġġġ(b)  
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Fig. 5. Illustrations of effective material parameters correspond to the second negative band: (a) mass density Ueff, (b) bulk modulud Neff, (c) shear 
modulus Peff and (d) shear modulus 44 .effc  
              (a)                                 (b)  
Fig. 6. Displacement contour of (a) quadupolar (179Hz) and (b) monopolar(203Hz) resonant mode. The color represent the magnitude (with 
red/blue for the highest/lowest value) and the arrows indicate the directions. 
3.3. Eigenmodes of local resonance 
To clearly explain the mechanism of negative parameters, we plot the displacement contour at *point of the two 
negative bands in Fig.6(a)-(b) which individually shows the eigenmode of quadrupolar and monopolar resonance. 
The colours represent the magnitude whereas the arrows indicate the direction of displacement. It can be observed 
that the oscillation mostly concentrate on the four steel masses for both modes while the soft silicone as well as 
foam matrix are nearly at rest. It is intuitive to explain how resonant mode linked to negative modulus from 
mechanical viewpoint. The deformation fields of quadrupolar resonance look as if the unit cell respectively 
subjected to a shear loading while the field pattern of monopolar resonance seems the deformation under an equi-
biaxial loading. Once the responses are out of phase to the applied forces under certain excitation frequencies, the 
material can be interpreted as heaving effective negative modulus. For instance, negative effective shear modulus 
describes a medium appears 180° rotational symmetric deformation under the same rotational symmetric loading but 
with opposite directions. Negative effective bulk modulus would lead to the total volume expands under 
compression and shrinks under tension. Similarly, the dipolar resonance can give rise to effective negative mass 
density. It is induced by the phase difference of displacement (or more preciously, the acceleration) between 
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inclusions and matrix. The wave speed in foam is much smaller than in silicone rubber and steel so that the relevant 
accelerations of the three are different. When the net acceleration is opposite to the applied force, the whole system 
produces the effect of negative mass density. 
3.4. Wave transmission  properties 
Consider a harmonic plane wave uD u0exp(kxr Zt) incident upon the lattice model, in which k and r denote the 
wave vector and position vector, respectively. Substituting the incident field together with Eq.(3)-(4) into Eq.(5), we 
will obtain the following eigenvalue problem: 
 
 
22 2
11 44 12 44
22 2
12 44 11 44
cos sin ( )sin cos
0.
( )sin cos sin cos
eff eff eff eff eff
eff eff eff eff eff
c c k c c
c c c c k
M M U Z M M
M M M M U Z
                               (8) 
The eigenvalues of Eq.(4) indicate the wave speeds which are 
  1/22 2 2 2 21 11 44 11 44 12 44
1
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k
Z M M U§ · ª º{      ¨ ¸ « »¬ ¼© ¹                     (9) 
  1/22 2 2 2 22 11 44 11 44 12 44
2
( ) cos 2 ( ) sin 2 2 ,eff eff eff eff eff eff effV c c c c c c
k
Z M M U§ · ª º{      ¨ ¸ « »¬ ¼© ¹                  (10) 
where M is the angle between x1-axis and the wave vector k. Along *M(M S directions, the propagating wave can 
be separated into two pure modes and corresponding speed are 
1 11 12 44 44( 2 ) / 2 ( ) ,
eff eff eff eff eff eff effV c c c cU N U      for pure longitudinal wave,                   (11) 
2 11 12( ) / 2 ,
eff eff eff eff effV c c U P U    for pure transverse wave.                                  (12) 
Note that we just focus on the case of *M since the bandwidths of negative pass band along *X is too narrower for 
practical application. If the mass density is negative, both longitudinal and transverse waves will decay 
exponentially inside the material due to the value of wave speed is imaginary. The apparent influence of negative 
density is the band gap in dispersion diagram (179-188Hz and 203-273Hz). When the values of Ueff and 44eff effcN   
(or Ueff and Peff) are simultaneously negative, the corresponding wave speed would be real so that waves can 
transport through the bi-negative medium. Here we plot the wave transmission diagram to demonstrate the energy 
transmission in the elastic metamaterial. The numerical setup is depicted in Fig. 7, a ten-layered metamaterial slab is 
embedded in the polyethylene foam and a harmonic excitation (vertical or horizontal) is generated at the left side. 
Periodic boundary condition is assumed on the upper and lower boundary to mimic the infinite domain. Perfect 
matched layer is placed at the right side to prevent reflection. Considering the propagation is only along *M 
direction and the transmission data is carried out by integrating the vertical and horizontal displacements at measure 
line. The result is plotted in Fig.8, all transmission data are normalized to the amplitude of incident wave. The solid 
and dashed curves denote the transmission for longitudinal and transverse wave, respectively. It is seen that, no 
matter what kind of wave input, large transmission of transverse waves can be observed in the frequency interval 
140-179Hz. In contract, in the frequency interval 188-203Hz, more longitudinal wave energies pass through the slab 
for both wave inputs. In other words, only specific wave is allowed to propagate in the metamaterial slab when 
incident wave is within the frequency range of the first and second bands. Significant decreases of vertical and 
horizontal displacement are also observed in the transmission diagram if the incident frequencies locate on the band 
gaps. This extraordinary behavior may have potential application in wave filtering. 
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Fig. 7. Illustration of numerical setup of wave transmission model. 
 
  
Fig. 8. Transmission diagram of (a) horizontal and (b) vertical displacements. 
4. Conclusions 
In conclusion, we propose a simplified model of elastic metamaterial which consists of three kinds of 
conventional materials. Numerical simulation demonstrated that such model exhibits multiple local resonances 
which can lead to a simultaneously effective negative density together with shear/bulk modulus in lower/higher 
negative frequency band. Novel wave transport characteristics are illustrated by transmission calculation. 
Comparing to the reported work in literatures, the required materials of the proposed model are reduced that possess 
advantages in manufacture. Furthermore, the practical bandwidths as well as the band gaps of the proposed model is 
broader than the reported work in literatures, thus it may be more powerful in the application of wave filtering 
devices. 
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